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1. Background



Graph Embeddings and Dimensionality Selection

C O
Convert discrete representation to continuous one.
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» Node classification [1].  Dimensionality controls

— 1.performance (e.g., underfitting with low
dimensionality and overfitting with high
dimensionality).

* Visualization [4]. 2.time and space computational complexity.

* Link prediction [2].

* Clustering [3]. -

Our contribution: proposed dimensionality selection
method for hyperbolic graph embeddings.




Hyperbolic Embeddings

Effective on hierarchical or tree-like structured graphs.
\ )

* The performance in 5-dimensional hyperbolic space is better than that of
200-dimensional Euclidean space for several graph mining tasks [8].
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But the surface area in R¢ is proportional to r¢~1. — Polynomial !




Proposed Method
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— Select the dimensionality that minimizes L, (y,z).
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Agenda

2. Dimensionality Selection
using DNML Code-Length



MDL Principle [10]

P ———————————
Select the model that minimizes the code-length.
(S )

* One of the information criteria (e.g., AlC [11], BIC [12],
efc).

* Theoretical properties such as consistency in model
selection [10], etc.

* To apply the MDL principle, we need to do the following:

1. Formulate hyperbolic embeddings as a probabilistic
model.

2. Derive Ly (v, z): the encoding function associated with
dimensionality D € M.



1. Latent Variable Model (LVM)

[ Use LVM with hyperbolic geometric graphs (HGGs). ]

« Latent variable model (hyperbolic geometric graph, HGG) [9, 13]:
p(y,z) = p(ylz)p(2).

4
. .  Power law of
I z = {Z;}ien): €mbedding as latent variables. degree distribution [14].

y = {y; j}(i,j)EA[n]: observed edges.

* High clusterin
coefficient [1 4?.

1. Sampling points in a hyperbolic space. 2. Connect points with some probability.

Yij
A
I
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D—1 . — -y, r .
p(zi;0,R) = p(ri; 0, R) HP(QU), P(y: 9. P) . I ] p(ylj’ P ¢J’ P)
=1 ~ Pseudo- (i.7)€A[n)
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where Ip j = ‘[07r sinP~17J d@ and Cp (o) = ./OR sinh"_)_l(ar)dr ) SlngId fU nCtIOn . 8



2. Decomposed Normalized Maximum

Likelihood (DNML) Code-Length [15, 16]

-

Use DNML code-length for LVM.

&

o

)

 DNML is easy to calculate for latent
variable models:

LpNMmL (Y, 2) =LnMmL(y|z) + LML (2),

where NML code- Iengths [17] are given by

LML (yl2) = - log p(ylz: f(y, 2) +log2p<y 2 f(y. 2)).

Negative logarithm of the maximum likelihood Penalty term (parametric complexity).

LML (2) ::{ —log p(z; 6(2)) Hlog / dz'p(z";6(2")). |

Our contribution: derived the explicit form of the
approximation of each penalty term.




Approximation of DNML #1

C N

NML is approximated with Fisher information [17, 18].

A /

LamL(ylz) ~ —log p(ylz: By, 2))
— ﬁmax
+2tog M= s10g [ VTP,

477" ﬁmin

LNML(Z) ~ = logp(Z; 6'(Z)) Integral over the parameter domain.
tliog L itog [ NTI)1d
— 10@ — O 0)|do,

2 g 27 g Omin

Integral over the parameter domain.
1 9 log p(z; 0) azlogp(z?a) o
I(o) = lim —E, |- = Eqs |- .
n—oo n do? do?

Fisher
— information

A
In(p) = Eﬁ[ Y (ij)ze;\[ ]logp(yijIZi,Zﬁﬁ)l-



Approximation of DNML #2

* \With some calculation, the Fisher information are
given by:

R—dzizj 2 exp(— R—dzizj
oty ) AR )

n(n = 1) (i,j) €Afn (1+exp(-f(R - dzizj)))z

fOR r2 cosh?(or) sinh® =3 (or)dr

() _ 1)2
I(0) =(D - 1) —
/OR(D — 1)r’ cosh(or’) sinh® 2 (ar”)dr’ 2
+{ Cp (o) } |

* Numerical integration with the Gaussian
quadrature [19]. y



Code Length

Typical Behavior of DNML
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3. Experimental Results



1. Artificial Dataset

=

DNML-HGG selected the correct dimensionality with
enough data.

=

1. Generate artificial graphs
with D, = 16.

Table 1 Average benefits on HGG-16.

2. Estimate D with the proposed
method and the following
competitive methods:

« AIC [11]
« BIC[12
 MinGE [20]

(Euclidean dimensionality selection method)

A

# of nodes DNML-HGG AIC BIC  MinGE
400 0.042 0.000  0.000 0.000
800 0.250 0.000  0.000 0.000
1600 0.042 0.000  0.000 0.000
3200 0.000 0.250 0.000 0.000
6400 1.000 0.375  0.000 0.000
12800 1.000 0.542  0.000 0.000

. log, D — log, D
b(D. Dirue) = maX{O, - | log, 089 Dtrue] },

Igap

where T, = 2, Dy = 16.

Best !
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2. Scientific Collaboration Networks

: The selected dimensionality suppresses the :
computational resource, whereas keeping the AUC.

1. Separate y into y;,4;, and v -

O —— Ytrain
’l\/i, Ytest

¢ oo

2. Train with y,,,;,, and estimate D.
Then, perform link prediction on y;,;.

)

Max. Performance

Network 3 3 g 16 32
AUC Astrobh 0540 0813 0842 | 0846 | 0.849
CondMat 0522 0.754 0.767 | 0.764 | 0.766
(Four graphs) .. 0526 0.728 0.744 | 0.756| 0.755
HepPh 0550 0.847 0.880 | 0.880 | 0.883
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3. WordNet[21] Datasets

4 N

DNML-HGG selected the dimensionality that preserves
the hierarchy of the graphs.

-

1. Generate graphs with hierarchical 2. Calculate is-a-scores.

structure using is-a relation.

| Embedding
Animal

is-a-score(w,v) = (a(r, —7,) — 1)dy,

Terrier —High when “u isa v".

Benefit log, D — 1o¢, Dl
. a O — 10
(Average of six graphs) b(D, Dirye) = maX{O, - 1082 - o2 e }
gap
DNML-HGG | AIC ___ BIC _ MinGE |
0.714 0286 0500 0000  Where T ,, = 2,D¢ye = maxis —a — score.

D

Best !
16
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4. Summary

&
Future Perspectives



Summary & Future Perspective

 Summary

» Contribution #1: proposed dimensionality selection
method for hyperbolic graph embeddings.

* Few studies for hyperbolic embeddings [22].

» Contribution #2: derived the explicit form of the
approximation of DNML.

» Experimentally showed the effectiveness of the
proposed method.

* Future Perspective
» Extension for other Riemannian manifolds.
* Euclidean spaces, spherical spaces, etc...

18
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Appendix: Hyperboloid Model [23]

Hyperbolic Space:
HP = {x = (z0,21,...,2p)" | € € RPt < z,2 >c=—1,79 > 0}
1 B wex I
N e — T 0 1 E
where <u,v>£ = 11U gDv, gD = | GR(D+1)><(D+1),
. '.. O
0 0 1

Distance: duv = arcosh(— <u,v >c)

Exponential Map:
Exp, (u) = cosh(y/(v,v) )z

, v
+ sinh(1/ (v, v) ) \/(v,v)g’
*Numerically stable. .\m
- Exponential map is easy to
Implement. \

22
*https://en.wikipedia.org/wiki/Hyperboloid _model



Appendix: Loss Function

C - N
Optimize —logp(y, z; B, o) through stochastic framework [24].
A /

L(z, p,0) =— log p(y|z; ) — log p(z; 0)
- Z —log p(yijlzi, zj; B) + Z —log p(z;; 0)

(L,J)EA[n) i€|n]
X n? X n —Different sample size.
1 1
= F {-logp(yijl"'i,zj';ﬁ) log p(zi; 0) logp(zJ‘;a)}-
ol n—1 n—1
(l,])EA[n]
Summation over Division by n-1.

all possible pairs.

—Uniformly sample S c(possible pairs).
Riemannian Gradient Descent [25].

23

*https://andbloch.github.io/Stochastic-Gradient-Descent-on-Riemannian-Manifolds/



Appendix: Riemannian Gradient Descent

P
Use Riemannian Gradient Descent [25].
\
~Retraction:
0D = proj ,, (0 — n,v)
'Exponential Map:
B(H-l) — expgm(—ﬂ,v)
24

*https://andbloch.github.io/Stochastic-Gradient-Descent-on-Riemannian-Manifolds/




Appendix: Derivation of DNML #1

For xjj = R—d;;z, € [—R, R], we reformulate p(yij|zi, zj: f) as
follows:

p(yijlzi, zj: B) = p(yijlxij: p),
9 (1 i),

where p;;j = 1/(1+exp(—pfx;;)). This form is the logistic regression
with the constraint f € [0, fax]. Then, the negative logarithm of
the likelihood L(p) is

L(p) =~ Z log p(yijlxij: B).

(i’j)eA[N]
Pij
== Z yij log 1— b +1°g(1-PU)},
(i,j) €A Pij
— Z y,,ﬂx,, + log(1 + exp(ﬂx,,))}
('j)eA[n]

25



Appendix: Derivation of DNML #2

Hence, we obtain
dL(p) Z { Xij
= YijXij —
P (i)ehm
*L(p) B Z xizj exp(—pxij)

aﬂz (i, ) €A [m) (1+exp(—ﬂx,-j))2.

Since @°L(f)/d* is independent of y;;, we derive

2 Z x,-zj exp(—pxi;)

1+ exp(—ﬂxij) ’

26



Appendix: Derivation of DNML #3

The negative logarithm of the likelihood for z= (r, 04, ...,0p—1) is

sinh?~1(or) D=z GpD-1-J 0, 1
L(o) := —log Cnle) ; log In,; — log Py

Interchanging the derivative and the integral, we obtain

dL (o)
do

reoshar Jo (D = 1)r’ cosh(ar’) sinh®~%(or")dr’
+ .

==(D-1) sinh or Cp(o)

Similarly, we get

#L(0o) _(D-1) .
2o sinh?(or)
(D )fOR r’2 sinhD—l(Ur’) + (D - 2),.12 coshz(ar') SinhD-s(O'r')dr’
+(D-1

Cp(o)
foR(D — 1)’ cosh(or’) sinhP=2(ar")dr’ |2
i Co (o) ’ N




Note that the second and third terms are independent of r. The
expectation of the first term with respect to r is calculated as

R sinhP~1(or) r
© 1)[0 Cp(o) 'sinhz(ar)dr

D-1 (K
Cp(o) Jo

Finally, we derive the following:

r? sinh” > (or)dr.

r2 cosh?(or) sinh? 3 (ar)dr
Cp(o)
- {foR(D— 1)7’ cosh(or’) sinhP~2(or")dr’ }2
Cp(o) |

R
I(c) =(D- I)Zf"

Appendix: Derivation of DNML #4

28



Appendix: Competitive Methods

 [hree methods were chosen:

AIC(y,z; D) = — log p(ylz; f(y,2), 6(2)) + (nD + 1),

. o —1
BIC(y,z; D) = —log p(ylz; (v, 2), 6(2) + ”D2+ L log "(”2 ).

* AIC and BIC do not guarantee their
rationales.

* Minimum graph entropy (MinGE [20]) Is
the dimensionality selection method of
Euclidean embeddings.

29



Appendix: Non-identifiability Problem

 Lack of one-to-one correspondence between
parameter and probability distribution.

» Conventional information criteria such as
Akaike’s information criterion (AIC& [11%
Bayesian information criterion (BIC) [12], etc...
do not guarantee their rationales because their
derivation depend on the central limit theorem.

AIC = —logp(x; é) + kK,
~ k
BIC = —logp(x; 9) + Elogn,
where k is the number of free parameters,
and n Is the number of data.



Appendix: Non-identifiability Problem of
Hyperbolic Graph Embeddings

¢; == (r;,0;): embeddings, y € {0, 1}: edges.

LEMMA 1. Assume thatr; # 0 for somei € [n]. For a € (0, 2r),
we define ¢ := (r;, 0; + a) fori € [n]. S otation

Then, ¢; € Hg and ¢ # ¢’ = {¢]}ie[n]- Moreover, the following
equation holds:

p(y:9.8) =p(W: 0" ). The same at

two different parameters !
Therefore, the probability distribution of a Poincaré embedding is

non-identifiable.

pyeB)= || pijidinssB).

(l’j)eA[n]
1
1+exp(f(dg, . —R)) (yij = 1),
PYij: $i. Pj. P) = 1 ’ gbjl (y;; = 0)
1+exp(f(dg;¢4;—R)) Jij =)

Sigmoid function. 31



Appendix: Training Detall

» All embeddings were initialized uniformly at random over [—0.001, 0.001]P.
* Chose the following parameters:
* Omax = 1.0,0,,,i, = 0.001,
* Bmax = 10.0, fpmin = 1.0,
e (O =100 =1.0,
* R=logn.

* When making mini-batches, 10 negative samples were sampled per a
positive sample.

* The learning rate was 0.1 for the first 10 epochs, and 34.375 for the
remaining /90 epochs.

* The number of epochs was 800.
* The likelihood and the Fisher information were approximated as follows:

y|

’ logp(y;mmll B(ytrain, z)),
|ytrainl

—log p(ylz; f(y.2)) ~ —

In(ﬁ)%"'("" g 1+exp(—B(R—-d )2
(i,j)eN; (. p( ﬂ( z;zj)))

2 i — dZ[Zj)z exp(—p(R - dz;z,))
1) Z ’

where S C [n] was sampled uniformly at random over [n], and
Afg = {(i,j)|(i,j)€5>(5,i<j}. 32



Appendix: Selected Dimensionalities on
Artificial Datasets

# of Nodes | DNML-HGG AIC BIC
400 4.31+1.1 4.0£0.0 3.5+0.87
800 6.0+=2.0 4.0£0.0 4.0£0.0
1600 4.31+1.1 4.0£0.0 4.0£0.0
3200 4.0£0.0 6.0+=2.0 4.0£0.0
6400 16.0x=0.0 7.0x1.7 4.0£0.0
12800 16.0x=0.0 8.7+2.2 4.0£0.0

Underestimate

Overestimate

33



Appendix: Selected Dimensionalities on
Scientific Collaboration Networks

Table 5 Selected dimensionalities of each method.
Network DNML-HGG AIC BIC MinGE

AstroPh 16 16 4 64
CondMat 16 16 4 64
GrQc 16 8 4 64
HepPh 16 8 ! 64
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Appendix: Consiceness

Table 6 Average conciseness of each method with

émax = 0.01.
Network DNML-HGG AlC BIC MinGE
AstroPh 0.501 0.378 0.000 0.000
CondMat 0.451 0.473 0.000 0.000
GrQc 0.944 0.948 0.080 0.000
HepPh 0.367 0.176 0.000 0.000
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Appendix: Hierarchical Structure of Scientific
Collaboration Networks

i Real-world complex networks tend to have :

hierarchical structures.

h Y
° EX: netWOrkS Of Professor
CO-aUthOrShlp, Lecturer |
pa per C|tat|on, Associate Professor

web pages, efc.

* \We can approximate such structures as
{rees.
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Appendix: Graphical Model

7

\ Pseudo-uniform distribution.

'B 7 | Embeddings (latent variable).

\/Sigmoid function.

v Edges (observable variable).
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Appendix: Power law of degree distributions

* P(k) < k™Y: degree distribution (k is the degree).
* The majority of papers are cited infrequently,

while a small number of papers are cited
frequently.

10°
107
1072}
= 107}
107}
C-‘Q

107}

10}

10° 10* 102

F|92 deg ree dIStrIbUthn |n a graph (https://en.wikipedia.org/wiki/Sc:aIe-free_network";’.8



Appendix: High Clustering Coefficient

=

N

High when the graph contains many triangles.

C=1 C=1/3

39

*https://www.geeksforgeeks.org/clustering-coefficient-graph-theory/




Appendix:Ordinal MDL Principle

* Normalized maximum likelihood (NML, [10])
code length is defined as:

* Lymp (x™) = —logpymr (x™)
= —logp (x”; é(x”)) + log z 4 (x’n; @(x'n))
xMexmn

Low when the model is complex. High when the model is complex.

where X is the data domain and 6(x) is the
maximum likelihood estimate.
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